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Abstract 

We point out the existence of nonlinear cr-models on group manifolds 
which are left symmetric and right Poisson-Lie symmetric. We discuss the 
corresponding rich T-duality story with particular emphasis on two examples : 
the anisotropic principal chiral model and the SL(2,C)/SU(2) WZW model. 
The latter has the de Sitter space as its (conformal) non-Abelian dual. 



1 Introduction 



This paper is devoted to the study of a particular class of cr-models living 
on group manifolds. The metric and the three-form H of such a model are 
Ze/t-invariant, however, the model is Poisson-Lie symmetric with respect to 
the right action of the group on itself. We shall refer to such cr-models as 
to the Yang-Baxter cr-models for reasons which will become clear in what 
follows. 

The Yang-Baxter cr-models have interesting algebraic properties. First 
of all, they have a very rich T-duality story because they can be dualized 
either from the left (by the traditional non-Abelian T-duality [I]]) or from the 
right (by the Poisson-Lie T-duality 0). They have also another remarkable 
feature: the phase space of a Yang-Baxter cr-model can be represented by two 
Drinfeld doubles nonisomorphic as groups. This leads e.g. to some insights 
about the structure of the SL(2,C)/SU(2) WZW theory. 

In what follows, we describe the general formalism and then study the 
Yang-Baxter cr-models on a simple compact Lie group K and on the group 
AN in the Iwasawa decomposition of the complexified group K c = KAN. 
For K c = SL(2, C), the former example turns out to be the anisotropic prin- 
cipal chiral model (known to be integrable B) and the latter the (conformal) 
SL(2, C) / ' SU{2) WZW model describing the strings on the Euclidean AdS^ 
target. The AdS% model turns out to have the de Sitter background dS^ 
(with an appropriate three-form field) as its Poisson-Lie T-dual. 

In section 2, we review the notion of the (right) Poisson-Lie symmetry of 
nonlinear cr-models and show how the model enjoying this property can be 
rewritten in a first order form by using the concept of the Drinfeld double. 
Then we show that the additional left symmetry generically means that the 
geometry of the target is given by the elements of the r-matrix defining the 
Poisson-Lie structure on the PL symmetry group. This gives the name to 
our models. We finish the section by considering the Poisson-Lie symmetry 
of (non-unitary) cr-models having a real Euclidean action. 

In section 3, we explicitely describe the Poisson-Lie symmetry of our 
two principal examples of the Yang-Baxter cr-models: the anisotropic prin- 
cipal chiral model on compact groups K and the K c /K WZW theory. In 
section 4, we explain why the Poisson-Lie symmetry generically means the 
T-dualizability of the model and we describe the T-duals of the anisotropic 
model on SU{2) and of the SL(2,C)/SU(2) WZW model. Then we show how 



1 



the rich Kac-Moody symmetry of the SL(2,C)/SU(2) WZW model translates 
under the duality to the same symmetry of the de Sitter model. We finish 
by short conclusions. 



2 Poisson-Lie symmetry 

In this section, we give a method for the construction of the Yang-Baxter 
a-models. 

1. As it is well-known, a two-dimensional non- linear a-model is a field theory 
canonically associated to a metric ( symmetric tensor) Gij and a two-form 
(antisymmetric) tensor on some manifold M. Its action is given (in some 
local coordinates x l ) as 

S = - J dadT(Gij(x) + B ij (x))d + x l d_x j = - J dadrE ij (x)d + x l d_x j , (1) 
where 

d ± = d T ±d a , i ± = l -{r±a) 

and t and a are respectively the worldsheet time and space coordinates. 
Suppose that there is a free right action of a Lie group G on M generated 
by vector fields v a (x) on M and consider the variation of the action (1) with 
respect to the G-transformations with the world-sheet dependent parameters 
e a (a,r): 

5S = S(x + e a v a ) - S{x) = ^J dodTe a {L v E i j)d+x i d-xi + J J a A de a . 

Here C Va means the Lie derivative with respect to v a and the worldsheet 
current one-forms J a are 

J a = -v l a (x)E tJ (x)d.x^dr + v i a (x)E ji (x)d + x i dZ + . (2) 
We say (following ||) that the a-model (1) is G-Poisson-Lie symmetric if 

5S = fe*{dJ*-±f»J h AJ l ), (3) 
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where f a kl are the structure constantes of Q = Lie(G). The Poisson-Lie 
symmetry condition can be written also in terms of the cr-model tensor Eij 
as follows 

4»A = -f a kl v^E mj E in . (4) 

2. If the manifold M is itself the group G, there is a powerful method 
H of finding the right Poisson-Lie symmetric cr-models (i.e. of solving the 
condition (4)). It uses the crucial concept of the Drinfeld double^ of G and G 
and constructs the a-model (1) by starting from its first order Hamiltonian 
action written on the phase space. Recall that (for any dynamical system) 
the latter has always the form 

S= [(e-Hdr), (5) 

where d6 is the symplectic form and H a Hamiltonian fonction. 

The crucial statement |2| is as follows: the phase space of right G-Poisson- 
Lie symmetric a-model on a Lie group target G can be identified with the 
loop group LD of the Drinfeld double D Q. Thus a trajectory in the phase 
space is a map l(a,r) from the worldsheet into D where r is interpreted as 
the evolution parameter. The first order action (5) of the right G- Poisson-Lie 
symmetric cr-model on a Lie group target G then reads 

s = - f dadT(d T ir\ dji-% + — f dr 1 {dir l A [dir 1 * dir x ]) v 

-- J dodT(djr\£djr l )v- (6) 

The (chiral) WZW action in the first line correspond the term 9 in (5) and the 
Hamiltonian term is on the second line. It involves the operator £ :T> — ► T> 
fulfilling 



1 The Drinfeld double D is a 2n-dimensional Lie group whose Lie algebra V = Lie(D), 
viewed as the linear space, can be decomposed into a direct sum of vector spaces Q and 
Q, which are themselves maximally isotropic subalgebras of D with respect to a non- 
degenerate symmetric invariant bilinear form (.,.)x> on V § §. The Lie groups corre- 
sponding to the Lie algebras Q and Q we denote as G and G and we shall suppose, that 
each element I of D can be decomposed in unique way as the product I = gb, where g € G 
and b S G. Moreover, the induced map D — > G x G should be a diffeomorphism. In the 
same way we suppose that there is a dual global smooth and unambiguous decomposition 
D = GG. 
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1) (£x,y)x> = (x,£y)x> (£ is a selfadjoint); 

2) £ 2 = Id {£ squares to the identity operator); 

3) The G-dependent operator J£ g J : Q — > Q is invertible. 

Here J {J) : T> — > X> is the projector to C? (C?) with the kernel £ (C?) and 
£ g = Ad g -i£Ad g . It is important to stress that Ad 5 means the adjoint action 
of an element g € G(c D) on P. 

3. Let us sketch the derivation of the second order Lagrangian of the type 
(1) from the first order action (6). Our assumptions about the structure of 
the Drinfeld double D allow to decompose each trajectory l(a, r) as 

l(a,r) = g(a,T)h(a,T), g G G, h e G. (7) 

Inserting this decomposition into the action (6) and using the standard 
Polyakov-Wiegmann formula (g*,h* mean the pull-backs of the maps g,h : 
D -> D) 

(gh)* C = g* C + h*C - d(g*(l- l dl) A h* {dll' 1 )^] 

we obtain 

5 = 1 (^M- 1 , fT 1 ^ - l - J (g-^g + d a hh-\ Sgig-^g + d.hh^h, 

(8) 

where and we tacitly suppose the measure dadr present in the formula. Now 
we note that the expression (8) is Gaussian in the Lie(G)-valued variable 
d a hh~ l which permits us to solve it away and to obtain a a-model 

S= l -j dadr{g- l d + g, {J£ g J)~\j + J£ g J)g- l d^g) v . (9) 

In this derivation we have used the self-adjointness of £ and the following 
consequences of the identity £ 2 = £ 2 = Id : 

(J£ g JT l = J£ 9 J - J£ g J(J£ a JY l J£ g J; 
(J£ g JT l J£ g J = -J£ g J(J£ g JY l . 
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We invite the reader to check, that, indeed, the resulting a-model (9) is right 
G-Poisson-Lie symmetric. It is also immediate that the left invariance of (9) 
takes place if £ g = £, i.e. if £ is a G-invariant operator on V. 

Conclusion: let D be the Drinfeld double of the group G and £ the self- 
adjoint, unipotent, G-invariant operator on V, such that J£J is invertible. 
Then the action 

S= l -j dadrig-'d+g, Rg^d-g)^ (10) 

with 

R = {J£JY\J + J£J) 
defines the Yang-Baxter a-model on G. 

4. The reader might wish to see a direct demonstration that the Yang-Baxter 
a-model (10) is right Poisson-Lie symmetric. For this, let us first calculate 
the current forms J a according to (2): 

J a T a = -Rg^d-gdC + Wg^d+gd^, 

where T a is the basis of Q in which the structure constants are f a kl . It is 
easy to see that the Hamiltonian field equations derived from the first order 
action (6) read 

{IdT£)d±ir l = 0. 

Using the decomposition / = gh, the G-invariance of £ an the the fact that 
R ] = (J£jy 1 (J - J£J), we obtain 

d_~h~h- 1 = -Rg^d-g, d+hh- 1 = Wg^d+g (11) 

and from (11) it clearly follows that the field equations of the Yang-Baxter 
(T-model have the zero-curvature form (3): 

dJa = \fa l -h A Jl. 

5. Now we turn to the explication of the title of this article. Suppose that 
the operator R : Q — > Q has an inverse R : Q — > Q. The properties of £ then 
imply the following identity 

JAdgJAdg-lJ = JAdgJRJAdg-lJ ~ R. (12) 
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The ^-dependent operator from Q into Q on the l.h.s. of (12) deserves a 
special name; we call it Il 5 : 

n 9 = JAdgJAd g -iJ. (13) 

In fact, n g turns out to be the Poisson-Lie structure on G induced by the 
double D ||. For completeness, we write the corresponding Poisson-Lie 
bracket of two functions 0, if) on G: 

{0,V4G = (v L 0,n s v L vV (14) 

Here the differential operator Vl is considered to live in Q. It is defined by 

(V L ,x) v = Vl, 

where V£ is the differential operator acting on functions on G and corre- 
sponding to the left infinitesimal action of the Lie algebra element x G Q. 

Now note that the relations (12,13) mean that the Poisson-Lie bracket 
(14) on G can be rewritten in the following form 

{0, ifj} G = (V R (f>, RV R iP) v - (V L 0, RV L ifj)v, 

where ^7r(l) corresponds to the right (left) infinitesimal action on G. It is 
now clear that R gives rise to an element r e Q®Q such that the Poisson-Lie 
bracket can be rewritten in the quasitriangular way: 

{0, if)} G = (r, V R ® V R ifj) - (r, V L ® V L ip). 

Here (., .) denotes the canonical pairing between the vector space and its 
dual. Since the Poisson bracket is antisymmetric, we see that the symmetric 
part rs of r is G- invariant. The Jacobi identity, in turn, then implies the 
(modified ) Yang-Baxter equations for the antisymmetric part ta of r: 

Ad G [r A ,r A } S ch = 0, 

where [., .]sch is the algebraic Schouten bracket. 

Thus we observe that the choice of the G-invariant selfadjoint unipotent 
£ with invertible R gives rise to the r-matrix encoding the (quasitriangular) 
Poisson-Lie structure on G. This explains the adjective "Yang-Baxter" which 
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we have attributed to the left-invariant and right Poisson-Lie symmetric a- 
models (10). By a slight abuse of the terminology we stick to this name also 
in cases where R is not invertible. 

6. It is well-known that the unitary a- models do not have a real action 
on the Euclidean world-sheet. Nevertheless, there is a class of important 
(though non-unitary) Euclidean models which do have the real action. The 
most prominent example of such a theory is the SL(2,C)/SU(2) WZW model 
describing strings on the Euclidean AdS^. Here we define the notion of the 
Poisson-Lie symmetry for the class of the Euclidean a-models with the real 
action 

S — - J dadrEij{x)d z x % dzx\ 

where 

d z = d T + id a , d 2 = d T - id a . 

The reality of the Lagrangian require the matrix Eij to be Hermitean (E^- = 
Eji). The definition (2) of the current one-forms J a now gives 

J a = iv l a {x) Eji(x)d z x J dz — iv l a (x) E^ (x)dzX J dz , 

where 

z = -{j-l<j), z = -(t + i<t). 

With this notation, the condition of the right Euclidean Poisson-Lie sym- 
metry is given by the same expression (3) as in the Minkowski case. The 
Euclidean analogue of (4) reads 

C Va E, tl = -if a kl v^E mj E in . (15) 

In the Euclidean case, it is also easy to generate right Poisson-Lie symmetric 
models from the action (6) on the double. The only modification is that now 
8 in (6) has to fulfil S 2 = —Id. In particular, the resulting Yang-Baxter 
cr-model on the Euclidean worldsheet has the Lagrangian 

L = \l dadT ^9~ ld z9,Reu9~ 1 dzg)v (16) 

with 

Reu = (JSJ)-\j -iJSJ). 
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3 Examples 



3.1 Anisotropic principal chiral model 

1. Now it is time to give examples. For the group G we take a simple 
connected and simply connected compact group K and for its Drinfeld double 
D its complexification D = K c . So, for instance, the double of SU(2) is 
SL(2, C). The invariant bilinear form on T> = Lie(D) is given by 

(x,y) v = ImT(x,y), 

or, in other words, it is just the imaginary part of the Killing-Cartan form 
T(., .) normalized in the way that the square of the lenght of the longest root 
is equal to two. Since G is the real form of K c , clearly, the imaginary part 
of T(x,y) vanishes if x, y G Q. Hence, G = K is isotropically embedded in 
K c . 

The dual group G coincides with the so called AN group in the Iwasawa 
decomposition of K c : 

K c = KAN. (17) 

For the groups SL(n, C) the group AN can be identified with upper triangu- 
lar matrices of determinant 1 and with positive real numbers on the diagonal. 
In general, the elements of AN can be uniquely represented by means of the 
exponential map as follows 

b = e*exp[Z a>0 v a E a } = eV (18) 

Here a's denote the roots of /C c , v a are complex numbers and <fi is an Her- 
mitian elementj of the Cartan subalgebra of Kp . Loosely said, A is the 
"noncompact part" of the complex maximal torus of K c . The isotropy of 
the Lie algebra Q of G = AN follows from (18); the fact that Q and Q 
generate together the Lie algebra T> of the whole double is evident from (17). 

2 Recall that the Hermitian element of any complex simple Lie algebra Kp is an eigen- 
vector of the involution which defines the compact real form IC; the corresponding eigen- 
value is (—1) . This involution comes from the group involution g — > (.g -1 )^. The anti- 
Hermitian elements that span the compact real form are eigenvectors of the same involution 
with the eigenvalue equal to 1. For elements of sl(n, C) Lie algebra, the Hermitian element 
is indeed a Hermitian matrix in the standard sense of this term. 
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2. We wish to construct (Minkowskian) Yang-Baxter a-models on the com- 
pact target K. Consider the following R-linear operator £\ : T> — > T>: 

£ lX = Xxl (19) 

Here X it is the multiplication by the imaginary unit on /C c ( viewed as the 
real Lie algebra). It is easy to see that £\ = Id and £\ is selfadjoint, i.e. for 
any x,y e T> it holds (£ix,y)f = (x,£iy)f- Moreover, £\ is ^-invariant as 

£iAd k x = £\{kxk^) = Xkx^k^ = Ad k £\x. 

Thus, P\ = |(1 + £±) is the fT-invariant idempotent. In fact, it belongs to a 
one-parametric family of the invariant idempotents denoted P a who project 
on the subspaces (ald-I)IC C /C c , a > and whose kernels are (aId+l)IC. 
Since the kernel is clearly orthogonal to the image of the projector, the 
idempotent P a is selfadjoint. Moreover P a is ^-invariant, since both its 
image and kernel are K-invariant. Finally, it can be easily verified that 
J{2P a — l£) J is invertible. Thus the choice £ a = 2P a — Id gives a one 
parameter family of the Yang-Baxter cr-model on G with the Lagrangian 
given by (10). 

3. The reader may wish to visualize more explicitely what the Yang-Baxter a- 
model is about for the simplest case of K = SU{2). For this, it is convenient 
to choose a basis T l = \ia l ,i = 1,2,3 in su{2) = Lie(SU(2)), where a 1 are 
the standard Pauli matrices: 

The dual basis in Lie(AN) is then 

Here by the duality we mean the following relation between the two basis: 

(T\ tj)x> = 5 l r 

It is not difficult to evaluate the operator R a = (J ' £ a J^ x [^J + J£aJ\ 
where £ a = 2P a — 1. It is given by 

^ " 2(a' + l)' ^ T " 2(a* + l)' ^ " to* 3 " ( } 
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The Lagrangian (xy) of the Yang-Baxter <7-model on SU{2) can be now 
written as 

L = -L(k' 1 d + k) 3 (k- 1 d^k) 3 + 
4a 

+ M^TT) i^kUk-'d-k), + ^^—^(k^kUk^kh. (22) 

Here we have decomposed k~ l dk as {k~ l dk)jT^ and neglected the total 
derivatives. By the way, the model (22) is known to be integrable and it 
is usually referred to as the anisotropic principal chiral model. It is interest- 
ing to note that we have discovered a new algebraic structure of this model 
which will probably contribute to a better understanding of its quantum 
properties. 

It is also important to remark, that the obtained model (22) is singular 
for a = and a — > oo. Indeed, for these values of the parametres the 
idempotents P a are not well defined (the kernel would be the same as the 
image!) The singularities can be very naturally interpreted also from the 
geometrical point of view. Indeed, for a — > 0, the ratio of the (anisotropic) 
third coefficient with respect to the first (or second) one goes to infinity. This 
is the extreme anisotropic limit where the a-model geometry degenerates in 
one direction. In the case a — > oo this ratio approaches 1, which corresponds 
the standard (isotropic) principal chiral model. However, the singularity 
shows up in the overall coefficient going to zero. 



3.2 K c /K WZW model 

1. Our next example has the real action in the Euclidean signature. Its 
underlying Drinfeld double is the same group K c as in the previous one 
but the role of the groups G and G gets reversed. This means that the 
K c /K WZW model lives on the group G = AN and it is right Poisson-Lie 
symmetric with respect to the dual group G = K. 

The first order action of the K c /K WZW model is given by the expres- 
sion (6) with E = J (cf. (19)). Clearly, X is selfadjoint (yes, it sometimes 
happens that the multiplication by the imaginary unit is a selfadjoint oper- 
ator...), J is i^ c -invariant, X 2 = —Id and JXJ is invertible. Thus K c /K 
WZW theory is the Yang-Baxter <T-model with the second order real Eu- 
clidean Lagrangian (16) and R eu = (J1J)~ 1 {J — iJTJ). 
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2. As in the previous example, we give the detailed description of the case 
K c = SL(2, C). We shall work with the same basis of T> as before but now 
we remember that the basis t a is that of Q = Lie(AN) and the dual one T a 
that of Q = /C. The operator T reads 

Xt\ = — ^2 ; 2^2 = t±, H3 = 2T 3 ; 

JT^-^+T 2 , XT 2 = - l -t 2 -T\ lT 3 = -^t 3 . (23) 

It can be directly checked that X is selfadjoint with respect to the form (., .)x>, 
it is SL(2, C)-invariant and it evidently holds J 2 = —Id. With the choice 
S = X, the first order action (6) takes the form: 

S = I f dadrlmTTidJl^djr 1 ) + i- f rtmTr^/r 1 A [dll' 1 a dir 1 ]) 

- l - J dadrReTridJl^djr 1 ) 

or, even more simply, 

S = - J dadrlmTiid-Jl^djr 1 ) + J d'HmTiidir 1 A [dll~ l a d/r 1 ]). 

(24) 

In words: the first order action of the SL(2,C)/SU(2) WZW model can be 
written as a sort of semi-chiral WZW model on the complex group SL(2, C). 

3. The resulting second order Lagrangian on G = AN can be obtained by 
decomposing 

l = bk, b E AN, k E SU(2), (25) 
and eliminating d a kk~ x . The result is (cf. (16)) written as 

L = ^(b- 1 d z b,Reub- 1 d- z b) v , (26) 

with 

Reu= {JXJ)-\J -iJXJ). 

From (20ab) and (23), it is easy to calculate the operator R eu : Q — > Q: 
R eu t 1 = -2{T l + iT 2 ), R eu t 2 = -2(T 2 -iT 1 ), R eu t 3 = -2T 3 . (27) 
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Using the following parametrization of the group AN: 

2 ^(--^), (28, 

we calculate b~ x db = (b~ l db)Hf 

(b^db) 1 =e~ 2(i, du 1 ,(b- 1 db) 2 = e- 2 ^du 2 , (b- l dbf =d<f>. (29) 

Putting together (26), (27) and (29) and setting u — U\ + iu2, we obtain that 
the Yang-Baxter Lagrangian (26) gives the action of the SL(2,C) /SU(2) WZW 
model (cf.0, §): 

S = - J dadr(d z (f)d 2 (f) + e~^d z ud z u). (30) 

Up to an unimportant overall normalization, the background metric and H- 
field of the model (xy) are 

ds 2 AdS = d<f)d<j) + e'^dudu, H = -le^d^ A du A du. (31) 

If we set R a b = (t a , R eu tb)v, the condition (15) expressing the right Poisson- 
Lie symmetry of (26) can be rewritten as 

fcc^Rnb + f c b n Ran = if c RkbRal- (32) 

Here f ca n are the structure constants of Lie(AN) in the basis (20b) and f c M 
of su(2) in the basis (20a). It is easy to verify that our operator R eu given 
by (27) satisfies (32). 

The sw(2)-valued Poisson-Lie current J is given by 

J = iW g~ l d z gdz — iRg~ 1 d z gdz = 

= -2ie~ 24> d z u(T l -iT 2 )dz-2id z (j)T z dz + 2ie- 24> d z u{T l +iT 2 )dz + 2id- z (f)T*dz. 

It is easy to verify that the zero curvature condition dJ = J A J is equivalent 
to the field equations of the SL(2,C)/SU(2) WZW model: 



d z d z (p + 2e-**d z ud s u = 0, 
d z (e-^d- z u) = 0, d- z (e-^d z u) 
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4. Note: The Yang-Baxter property of the SL(2,C)/SU(2) WZW-model 
leads naturally to two different representations of the phase space of the 
theory: either as the complex loop group LSL(2, C) or as the loop group of 
the cotangent bundle of AN. The latter representation (which is naturally 
induced by the left invariance) is well-known and discussed in literature (cf. 
[§]). Here we advance the former one. Its advantage may consist in the fact 
that the first order action is the WZW action on the complex group, hence 
it allows the Wakimoto free field representation (cf. ||). Of course, the 
symplectic form in the cotangent bundle representation can also be written 
in Darboux coordinates M, but the Hamiltonian is not Gaussian. In the loop 
group LSL(2, C) representation, the whole action (not only the symplectic 
form part) can be written in the Gaussian way. 

4 Poisson-Lie T-duality 

1. The important structural feature of the G- Poisson-Lie symmetric cx-models 
on G is their generic T-dualizability, i.e. (if a condition 4 below is fulfilled 
then) there is the dual cx-model on G which is moreover G-Poisson-Lie sym- 
metric. In general, T-duality is a dynamical equivalence between two (or 
more) a- models living on targets with different geometry and/or topology. 
The Poisson-Lie T-duality is the particular form of the T-duality, in which 
the common dynamics of all equivalent cx-models is given by the first order 
action (6) living on the Drinfeld double D. Why the action (6) can encode 
more than one cx-model (9)? The point is simple, set £ g = Ad g -\£ Ad g and 
suppose that the conditions l)-3) on page 4 are supplemented by another 
one: 

4) the G-dependent operator J£ g J is invertible. 

Then we may insert into the action (6) the dual counterpart of the decom- 
position (7): 

l(a, t) = g(a, r)h(a, r), g&G, heG. 

Mimicking the derivation after Eq. (7), we eliminate the quantity dahh^ 1 
and obtain the cx-model living on G: 

S = \j (g^d+g, (j£~ g J)-\j + J£- g J)~g- 1 d-~g)v- (33) 
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2. The duality between the a-models (9) and (33) is the original Poisson-Lie 
T-duality described in @. It was later generalized in || by noting, that one 
can sometimes extract from the first order action (6) also cx-models whose 
targets are not Lie group manifolds. Indeed, suppose that there is a subgroup 
M of the double D, whose Lie algebra Ai is maximally isotropic (it has thus 
the same dimension as Q ovQ). The group D is then called the Manin double! 
of M [ 10 1 - Consider then the right coset D/M and parametrize^ it by the 



elements / of D. With this parametrization of D/M, we may parametrize 
the surface 1(t, a) in the double as follows 

J(r, a) = f(r, a)m(r, a), m e M. (34) 

The action (6) then becomes 

S = \J (/"'fir/, r'dJh + i / d-\dff-\ [dff'\ dff- l ]) v + 

+ J {d a mm~ l , f~ l d T f) v -- J (f~ 1 d a f + d a mm~ 1 ,S f (f~ 1 d a f + d a mm~ 1 )) v , 

(35) 

where Sf = Adf-i£Adf and we tacitly suppose the measure dadr present in 
the formula. Now we note that the expression (35) is Gaussian in the Ai- 
valued variable d a mwT x . In order to solve it away, we do not use a projector 
on Ai (an analogue of J or J) since there is no canonically given kernel. The 
most useful strategy is to pick up some basis S a in Ai, write d a mm~ x = [i a S a 
and integrate away fi a . This gives 

S = I J dadr(d + fr\d^ff-% + d~\dff-\ wr\dfr l ])i>+ 

+ l - J dadrif-'d+f, S a - £ f S a MA/) ab (S b , r l d-f)v, (36) 



where 



Af = (S a ,£ f S h ) v . (366) 



3 Note a subtlety: we do not require the existence of the complementary dual group M 
whose Lie algebra M would be maximally isotropic and T> could be represented as the 
direct sum of the vector spaces M. and Ai. If such a complementary group existed we 
would say that D is the Drinfeld double of M, 

4 If there exists no global section of this fibration, we can choose several local sections 
covering the whole base space D/M. 
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We thus conclude that a cr-model (36) can be associated to every maximally 
isotropic subalgebra of T> provided the matrix Af is invertible. The target of 
this cr-model is the coset D/M. It turns out || that the maximally isotropic 
subgroups M and M' related by a conjugation by a fixed element of the group 
D give rise respectively to the same cx-models. The problem of classifying 
the Poisson-Lie dual (or plural) models thus reduces to the search of all 
maximally isotropic subalgebras of V up to conjugation ||. 

We finish this section by giving the Euclidean analogue of the formula 
(36), taking place for S 2 = —Id: 

S = - l -J dadr(d z fr\d s ff- 1 ) v + d- l (dff-\[dff-\dff- l ]) v + 

+ l - J dadr(r%f, S a + i£ f S a ) v {A- f l ) ab {S\ r l d- z f) v . (37) 

In spite of the explicit presence of the imaginary unit in this formula, the 
action (37) is always real. 

4.1 T-duality and the anisotropic model 

The Yang-Baxter cr-model (22) on the compact group K = SU(2) is left 
invariant and right Poisson-Lie symmetric. The left invariance can be also 
interpreted @ as the (left) Poisson-Lie symmetry corresponding to a trivial 
(null) Poisson bracket on K. The dual group is then the dual space JC* of 
JC = Lie(K) and the group law of JC* is just the addition of vectors. The Lie 
algebra of the dual group JC* is thus clearly Abelian. 

So the Yang-Baxter cr-model can be dualized with respect to the left K*- 
Poisson-Lie symmetry. The dual a- model has the well-known action jy, §]: 

S= l -j dadrd +X a M ab (x)d-X b - (38) 

Here x a are t ne coordinates on the target JC* with respect to some chosen 
basis t* G JC*. The matrix M(x) is the inverse of 

(M~ 1 ) ab = (R) ab + f ab c x c , (39) 

where f ab c are the structure constants of JC = Lie(K) in the basis T a dual 
to t* a and (R) ab = (T a , RT b ) v . We note that the duality between (22) and 
(38) is also referred to as the traditional non- Abelian T-duality 
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The dualization of the Yang-Baxter cr-model with respect to the right 
Poisson-Lie symmetry gives the model (33). Note, however, that the operator 
S, though being i^-invariant, need not be A N- invariant. In other words, the 
dual model need not be Yang-Baxter from the point of view of the dual group 
G. In any case, the action of the dual model can be rewritten in the following 
nice way ||: 

S = I J dadr^d+bb- 1 , (R + Ub^d^bb- 1 )^. (40) 

Here b(r, cr) is the map from the worldsheet into the group G = AN and the 
operator IT fe : /C — > Q is given by 

fl b = JAd b JAd b -!j. (41) 

We realize (cf. (13) and (14)) that lib defines the Poisson-Lie bracket on 
G. It turns out also that the dual cr-model is right G-Poisson-Lie symmetric 
with respect to the right action of G on itself |2|. [| . 

We thus observe that the Yang-Baxter cr-model (22) living on K has 
two different duals (38) and (40) living respectively on the groups JC* and 
G = AN. We may call this phenomenon the enhanced Poisson-Lie T-duality. 
The dual a- models are either of the form (40), if we dualize (22) with respect 
to the right AN- Poisson-Lie symmetry (the Drinfeld double is K c ), or of 
the form (38) if we dualize with respect to the left /C*-Poisson-Lie symmetry 
or, in other words, with respect to the traditional non-Abelian duality (the 
Drinfeld double is the cotangent bundle T*K). 

We give for completeness also the explicit description of the dual model 
(40) living on AN. The matrices R a in (40) are given by (21) and the 
Poisson-Lie operator (41) is given by 

LVT 1 = u 2 t 3 - [u\ + uj + - l]t 2 ; 
LVT 2 = -u x h + [u\ + uj + - i]t l5 

n fe T 3 = mt 2 - u 2 t\. 

Finally, in the parametrization (28), we have 

(dbb- 1 ) 1 = e 2< ^(e- 2 V), (dbb- 1 ) 2 = e 2(t> d(e- 24, u 2 ), (dbb" 1 ) 3 = d<p. 
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4.2 T-duality and the SL(2,C)/SU(2) WZW model 



Since the SL(2,C)/SU(2) WZW model has the Yang-Baxter property, it can 
be dualized either with respect to the ordinary left symmetry or with respect 
to the right Poisson-Lie symmetry. In the former case the Drinfeld double is 
the cotangent bundle T*AN of the group AN, which has, up to conjugacy, 
seven maximally isotropic subalgebras, and in the latter it is SI(2, C) with 
three maximally isotropic subalgebras. One such subalgebra of Lie(T* AN) 
and one of si (2, C) give the same SL(2,C)/SU(2) WZW theory. Thus it 
remains eight potentially new models. 

From the eight cases we must remove one isotropic subalgebra (Lie(AN)) 
of SL(2, C) and one of T*AN because the respective matrices Af are not 
invertible (cf (36b)). Thus there remains six cx-models, but one of them 
is not conformal due to tracefulness of its structure constants (cf.|TlJ for 
general discussion of this issue) and other three of them can be obtained also 
by Abelian duality with spectators so we shall not discuss them in any detail. 
Thus there remains a couple of possibly interesting a-models, dual in a truly 
non-Abelain way to the SL(2,C)/SU(2) WZW model. One of them is based 
on the double T*AN and the other on SL(2, C). Here are the details: 

4.2.1 The double T*AN 

The group law of AN can be obtained from the matrix multiplication in the 
parametrization (28). Replacing by A and 141,2 by Li,2, the law reads 

{In, L 2 , \){K 1} K 2 , k) = (I x + e 2X K x , L 2 + e 2X K 2 , A + k). 

The group law on the cotangent bundle T*AN is the standard one: the 
semidirect product of AN acting in the coadjoint way on the dual of lie(AN) 
viewed as the Abelian additive group. The resulting group is six-dimensional, 
it has the topology R 6 , and, in the suitable parametrization, the group law 
turns out to be 

(L, A, /, w)(K, k, k, y) = (L + e 2X K, X + k,1 + e~ 2X k, w + y + 2(1, k)e~ 2X ), 
where 1 = (I 1 ,! 2 ), K = (K 1 , K 2 ) and (K, L) = K 1 ! 1 + K 2 ! 2 . We have 
M~ l = (L, I, w, A)" 1 = {-e- 2X L, -A, -e 2X l, -w + 2(1, 1)) 
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and the unit element is = (0, 0, 0, 0). 



The set of the left invariant vector fields: The right multiplication by (5L a , 0,0,0) 
induces 

v r = e 2\JL- 

by (0, 0, 5l a , 0) gives 

V R _ e -2A/_?_ , 2L a —)- 
and by (0, 0, 0, 8w) and (0, 5X, 0, 0) yields respectively 

Hence we obtain the following bracket on Lie(T*AN): 

[t ,t a ] = 2t a , [t a ,tfs] = 0, [t\t j ']=0, i,j = 0,1,2; 

[*i,r°] = 0, [t ,r a ] = -2r Q , [t a ,r^]=2^r , a,/3=l,2. 

There is a non-degenerate symmetric invariant bilinear form on Lie(T* AN) 
defined by 

(r\r^=(^^ = 0, (^,^ = 4 (42) 

It is this form that makes T*AN the Drinfeld double of AN. 

Now we would like to write down the duality invariant first order action 
(6) on the double T*AN. Such action leads to cr-models which are right 
symmetric or Poisson-Lie symmetric. Since we wish to dualize with respect 
to the left symmetry of our SL(2,C)/SU(2) WZW model we have to generalize 
our formalism in order to be able to take into account also the left Poisson- 
Lie symmetric models. This generalization is very easy: if Ln(g) is the 
Lagrangian of a right Poisson-Lie symmetric a-model then Li(g) = Lr((7 -1 ) 
is left Poisson-Lie symmetric. 

Thus we can consider the action (6) for the double T*AN and we choose 
the following operator £: 

Et\ = —t 2 , £t 2 = ti, £t = 2r°; 
£r 1 = ~t 1 + r i , £r 2 = - l -t 2 -r\ £r° = ~t . 
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One easily checks that £ is selfadjoint with respect to the form (42) and it 
holds S 2 = -Id. 

The maximally isotropic subalgebras of Lie(T* AN) have been classified 



up to conjugacy) in There are two one-parametric families of them and 



five singular cases. Here is the list 

I7) Span(r°, ^r 1 + >y 2 T 2 , -72*1 + lih), ll + ll = 1; 

25) Span(t , 8 x tx + 5 2 t 2 , -5 2 r x + c^r 2 ), 8\ + 6% = 1; 

3) Span(t , t 2 + £i, r 1 - t 2 ); 4) Span(t ,T 2 - t^r 1 + t 2 ); 

5) Span(r° , r 1 ,r 2 ); 6) Span(r° , ti,i 2 ) 7) Span(t ,ti,t 2 ). 

First of all, the choice of the subalgebra 5) leads to the a-model (37) living 
on the target T* AN/ Lie* (AN) = AN. Performing on it the transformation 
/ — > leading from the right to the left symmetric model, we obtain 
precisely the action (30) of the SL(2,C)/SU(2) WZW model. The choices 7) 
leads to a nonconformal cr-model since the structure constants are tracefull. 
The possibility 6) must be also rejected since the matrix (36b) is not invertible 
in this case. The choices I7), 3) and 4) lead to cr-models which can be 
also obtained by using the standard Abelian T-duality with respect to the 
isometries of the u, u plane (cf. (30)). We do not detail the corresponding 
cr-model metrics and if -fields here. 

Thus the only truly non- Abelian case is 25) . It turns out that all choices 
of 5 gives the same cr-model, hence we take 81 = 1,5 2 = 0. The corre- 
sponding subgroup will be denoted as C = exp (Span(to, t\, t 2 )). The cr- 
model target is then T*AN/C and can be identified with the group C = 
exp (xoT° + X1T 1 + x 2 t 2 ), where Xj are coordinates on the group manifold C . 
Note that C is the Poincare group in two dimension and C is Abelian. In- 
serting a decomposition I = cc (c e C, c G C) in the first order action (6) 
and eliminating the variable c gives the following cr-model action: 

S =\J dadrd z x k N k \x)d- z x h 

where 

-2 2ix\ —2ix 2 
(iV"% = I -2ix, 1 
2ix 2 1 \ 
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In particular, the metric part of the cx-model background is 

2 — dxl — (1 + Axf)dxl — Ax\dx1 + (2 — Ax 1 x 2 )dxidx 2 



2 — 1x\ — %X\X 2 



This metric changes signature (in some domain of the space-time it is Rie- 
mannian in another pseudo-Riemannian). It is the matter of taste to say 
that it is either its very interesting or rather pathological feature. We adopt 
the latter (and more coservative) viewpoint and turn to the investigation of 



There are (up to conjugacy) three maximally isotropic subalgebras of sl(2, C): 
su(2), si (2, R) and Lie(AN). For Lie(AN), the matrix A f (cf. (36b)) is 
not invertible, hence it remains the T-duality between two u-models living 
respectively on the cosets SL(2, C)/SU(2) = AN and SL(2, C)/SX(2, R). 
The former model is just the SL(2,C)/SU(2) WZW model with the action 
(30), describing strings in the Euclidean Ad S3 target and we shall see soon 
that the SL(2, C)/SL(2, R) model captures the dynamics of strings in the 
three-dimensional de Sitter space dS$. We recall that here the Poisson-Lie 
T-duality is Euclidean, or, in other words, it relates two cr-models with real 
Euclidean action. This means that the de Sitter if -field is imaginary. 

The action of the SL(2, C)/<SX(2, R) model is of course given by the 
general formula (37). To make it more explicit we have to specify the sec- 
tions / of the fibration SL(2, C)/SX(2, R). This requires some preliminary 
exposition of the geometry of this coset: 

For convenience, we first embed SL(2, R) into SL(2, C) in a nonstandard 
way 



We shall refer to the atypically embedded group SL(2, R)) as to SL a (2, R). 
We recall that cr-models (37) on D/M and D/M' have the same target ge- 
ometry if M and M' are conjugated in D. In fact, our embedding SL a (2, R) 
is conjugated to the standard one (real matrices with unit determinant) by 
the following element of SL(2, C) : 



the double SX(2,C). 



4.3 The double SX(2,C): dS 3 /AdS 3 duality 




eSL(2,C), ii,u,p,XeR, fx\ + vp = l. 



l/Hi 1+i 
2\i-l 1-i 



) 
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Consider a space dS% of Hermitian 2rf-matrices with determinant equal to 
(— 1). They can be written as 



u w 
w v 



uv — ww = — 1. (43) 



Clearly, dS 3 is nothing but the de Sitter space, if it is equipped with the 
Minkowski metric 

ds 2 dS = dudv — dwdw, (44) 

restricted to the surface uv — ww = —1. There exists a natural map s : 
SL(2, C) -> dS 3 defined as 



s(l) = la x l\ °i = (J J) 



It is clear that the preimage of the point o\ G dS 3 under the map s is a group, 
in fact, it is our group SL a (2, R). Thus we see that the map s defines also 
an injective map from the coset SL(2, C)/SL a (2, R) to the de Sitter space 
dS 3 . By a small abuse of notation we call this map also s. It is not difficult 
to prove that the map s : SL(2, C)/SL a (2, R) — > dS 3 is also surjective. 

Our next goal is to find the section / of the fibration SL(2, C)/SX a (2, R) 
to be inserted in the action (6). To do this, we consider first the Iwasawa 
decomposition of SL a (2,R) : 

\ip \) = W^ cose J U lJ(o e -,)^MeR,0<6<2n, 



and the Iwasawa decomposition of SL(2, C): 

a c\_fa -jSWl L \( l iM^fe* 
b d) ~ \p a ) VO 1 ) \0 1 J \ e" f 



(45) 



where a, 6, c, d G C, 0, L, M G R and 6 C with aa + = 1. We recog- 
nize in the first matrix on the r.h.s. of (45) an element of the group 577(2). 
Comparing those two Iwasawa decompositions,_we arrive at the conclusion, 

that we can choose / within the form (® - ^ f n ^\ We remark the 

following identity 



(3 a J VO 



cos 9 + i jjpr^i sin 9 i^q^ sin # 

sin# cos# — % rkrr% sin 
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1 L\ ( cos6> WL 2 + lsinfl' 



1 7 \ 



(46) 



The second matrix on the r.h.s. of (46) is clearly in SL a (2, R), hence the 
product of two matrices on the l.h.s. is in the same coset as ^j. More- 
over, the first matrix on the l.h.s. of (46) is in 577(2). We call it Rl{0) and 
we note that 

Rl(0i + O 2 )=R l (9 1 )R l (9 2 ). 



(' ?Ui-=^(f (17) 



For close to zero it holds 

,o 17 1 "v^TT Vi -l 

and it is true also that 

The facts (47) and (48) imply that there is an L-dependent global Gaussian 
decomposition of SU(2): 

(3 a ) \ i -jJjj= sin-$ cos § — % sin § J 
: cosx sinx^ co ^ + ^7PTTsin0 i^jj-sinf 



sinx cosx/ ^ Vl^+i s * n ^ cos — i v / L i +1 sin 6> / ' 

where < i7, < it and < x < ir/2. Regarding the identity (46), we find 
immediately the needed section /: 

fcoati + ijfc-smti t-^sintf \ / cos X sin^Wl L 

V ^77^+T sin ^ cos - i v / L i +1 sin -d J V — sin x cosx) \0 1 

(49) 

where 0<i7<7r, 0<x< it/2 and L e R. 

The map s(/) now gives the transformation between the "cylindrical" coor- 
dinates $,x,L an d the de Sitter parametrization (43): 

1 1 

-(u + v) — L, -(u — v) = Lcos2x + sin 2% cos 2-^, (50a) 
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w = cos 2\ — L sin 2\ cos 2$ — iy L 2 + 1 sin 2\ sin 2$. (506) 
The reader may verify that, indeed, it holds uv — ww = — 1. 

Now we read off from (37) the metric and the three-form field H of the 
a-model on SL(2, C)/SL a (2, R): 



ds 2 = {f- l df,S a ) v {Af) ah {S\f- l df) 



v, 

H = + t -d{(f- 1 df 1 S f Sn v A(A/)^S\r 1 df) v }-z^(dff- 1 a [dff- 1 a dff- 1 ])*. 
We choose the following basis of the Lie(SL a (2, R)): 

s+ = f° 'V s - = (o o\ g „ Ifl 



o oy v i oy 2 vo -1 

Recall that the operator £ = I is SL(2, C)-invariant, hence Sf = X and the 
matrix Ay (cf. (36b)) is also independent on /. The non-zero components of 
its inverse are 

(A/) + _ = (AJ 1 )^ = -1, (A/U = 2. 

Considering (49), it is straightforward to calculate the form f _1 df and hence 
the metric and the Meld of the SL(2, C)/SL a (2, R) model: 

1 (dL) 2 

ds 2 = -- \ > sin 2 2xsin 2 2$ + 2(L 2 + l)(d X 2 + sin 2 2 X d$ 2 ) + 

2 L 2 + 1 

+2 cos 2MLdx - sin 4x sin 2MLd$\ (51a) 



# = + 1 sin 2 X dL A d X A d$. (516) 

By using (50ab), we can check easily that (up to a normalization factor 1/2) 
the metric (51a) is nothing but the standard de Sitter metric (44). 

Because the Lie algebra sl{2, R) does not have the traceful structure con- 
stants (i.e. f a \ = 0), we expect to find a dilaton $ such that the background 
(51ab) will satisfy the following conditions |L3], |14]] of the conformal invariance 



Rmn ~ \H mpq H n ™ + 2D m D n $ = 0, - l -D n H n pq + d r ^H n pq = 0. (52) 



Here R mn means the Ricci tensor and D n the covariant derivative. The 
computation indeed shows that the conditions (52) are satisfied for $ = 0. 
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4.4 T-duality and loop group symmetry 

It is well-known that the SL(2,C)/SU(2) WZW model has a SL{2, C) cur- 
rent symmetry. It can be very transparently understood in the first order 
formalism, where the action reads (cf. (24)) 

S(l) = - J dadTlmTridgll^djr 1 ) + — J crtmTr^/r 1 A \dll~ 1 * dir 1 ]). 

(24) 

By using the Polyakov-Wiegmann formula \TE 

S(hl 2 ) = S(h) + S(l 2 ) + J dadrlmTril^dzhdMz 1 ), (53) 

the field equations of the first order model (24) can now be easily obtained. 
We set in (53) l\ = I and l 2 = l+x(z, z), with \ G s ^(2, C) being infinitesimal 
and we find 

5S = J dadrlmTr(r l d^ld a x)- 

Since d a x is arbitrary and the form ImTr non-degenerate, we conclude that 
the first order field equations have extremely simple form: 

l- 1 ^ = 0. (54) 

The symmetries of the first order equation (54) are evident: a solution l(z) 
becomes clearly another solution upon the transformation 

l(z) ^ g(z)l(z), g(z)eSL(2,C). (55) 

Our next goal is to visualize the huge symmetry (55) in the second order 
SL(2,C)/SU(2) WZW model and its SL(2, C)/SL a (2, R) de Sitter dual. 

1. SL(2, C)/SU{2) model. Recall that the target space is the group AN and 
the Lagrangian is given by (30). We can perform the change of variables on 
the target AN as follows 



h = bb -{ 2e- 2 *u e~ 2 * ) 



In terms of the matrix h, the cr-model background (31) can be rewritten as 

ds 2 AdS = -Tridhh^dhh,- 1 ), (56a) 
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H = -^(d/i/T 1 A [dhh- 1 a dhh' 1 }). (566) 
48 

In other words, the SL(2,C)/SU(2) WZW action (30) can be rewritten as 
S = i J dzAdzTi(d z hh~ l d- z hh~ l )+ l - J d^Tridhh' 1 A^h' 1 * dhh' 1 ]). (57) 

Note that in (56ab) and (57) there is the full trace, not only its imaginary 
part. 

How the loop symmetry (55) manifests itself from the point of view of the 
second order action (57)? First note that from the first order trajectory I we 
obtain the second order trajectory b by the Iwasawa decomposition / = bk, 
b E AN, k e SU(2) (cf. (25)). This means that 

h = ltf 

and the symmetry (55) becomes 

h{z,z)^g{z)h{z,z)g\z). (58) 

Indeed, by the direct use of the corresponding Polyakov-Wiegmann formula, 
we see that the model (57) has the symmetry (58). 

1. SL(2, C)/SL a (2,R) model. Recall that the target is the space dS 3 of 
Hermitian matrices with determinant (-1): 



u w 
w v 



uv — ww — —I. 



Using the parametrization (50) and ignoring an unimportant overall normal- 
ization, the a-model metric and if-fleld (51ab) can be rewritten as 

ds 2 dS = Tr(dss~ 1 dss~ 1 ), 

H = -Tridss' 1 A [dss' 1 a dss' 1 ]). 
6 

In other words, the de Sitter a-model action can be written as 
S = i J dzAdzTr( y d z ss- 1 d- z ss- 1 ) + ^ J d~ 1 Tr(dss~ 1 A \dss~ 1 * dss -1 ]). (59) 
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Note that the only distiction of the AdS^ action (57) and its 0LS3 dual (59) 
is the sign of the respective determinants of the Hermitian matrices h and s. 

How the loop symmetry (55) manifests itself from the point of view of the 
second order action (59)? First note that from the first order trajectory 
/ we obtain the second order trajectory / by the decomposition I = fm, 
m G SL a (2,R) (cf. (34)). This means that 

s = f<?if = laj. 

and the symmetry (55) becomes 

s(z, z) -> g(z)s(z, z)g\z). (60) 

Indeed, by the direct use of the Polyakov-Wiegmann formula, we see that 
the model (59) has the symmetry (60). 

5 Conclusions and outlook 

We have shown that the simultaneous presence of the ordinary (left) sym- 
metry and the Poisson-Lie (right) symmetry of a-models on group targets 
results in a rich T-duality picture. Our main example of a unitary theory 
was the anisotropic principal chiral model (22) and its duals (38) and (40). 
However, it seems that a better candidate for settling the quantum status 
of Poisson-Lie T-duality would be the dual pair of AdS^ and dS 3 models 
(57) and (59). There is a surprising feature of this duality, namely, the 0LS3 
background has a different signature than the (Euclidean) AdS 3 one. Further 
investigations are needed to elucidate this fact. 

In the subsequent paper, we plan to describe how the dS^/AdS^ T-duality 
works for open strings and D-branes. 
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